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ANew Conjecture Concerning Admissibility of Groups
J. DENES AND A. D. KEEDWELL
A finite group is said to be admissible if it has a permutation mapping of the form g ---+ O(g) such
that g ---+ g. O(g) is also a permutation. Two different necessary conditions for a group to be
admissible are known. For abelian groups both are sufficient and for soluble groups at least one.
Here, we show that both conditions are satisfied by all finite non-soluble groups and so we
conjecture that all such groups may be admissible.
A complete mapping of a finite group (G, .) is a permutation g --+ (}(g) of the elements of
G such that g --+ cjJ(g) = g. {}(g) is again a permutation of G. When, and only when, a group
has a complete mapping, the latin square formed by its multiplication table separates into
disjoint transversals and so has an orthogonal mate (see Theorem 1.4.2 of[5] for a proof).
Such a group is also said to be admissible (see [lj).
Paige [11] showed that a necessary condition for a finite group to be admissible is that
the product of all its elements in some order should be equal to the identity element. He
showed in [10] that this condition is sufficient if the group is abelian and conjectured that
it is also sufficient in other cases. Later, Hall and Paige [8] proved that an alternative
necessary condition for a finite group to be admissible is that its Sylow 2-subgroups be
non-cyclic. Furthermore, they showed that for soluble groups, this condition is also
sufficient. Thus, for non-soluble groups the two conjectures (1) that, if the product of all
the elements in some order is equal to the identity element, then the group is admissible;
and (2) if the Sylow 2-subgroups are non-cyclic, then the group is admissible; remain open
as independent conjectures.
The second of these two conditions is known to be satisfied for all non-soluble groups
and we show here that the first is also. This leads us to propose the new conjecture that all
non-soluble groups are admissible.
LEMMA. Let G be afinite group with commutator subgroup G/ and which has the property
that the set ofelements G - G/ has even order. Then there exists an ordering of the elements
of G, the product of which is the identity element of G.
PROOF. It is evident that those elements of a finite group G which are products of all
its elements in some order all lie in the same coset K of the commutator subgroup G/ of G.
(This is because anyone such product can be obtained from any other by multiplying it by
a suitable product of commutators.) Conversely, Denes and Hermann [4] have proved that
every element of this particular coset K can be expressed as a product of all the elements
in some order. (A group having this latter property was earlier called a P-group; see p. 35
of [5] and the historical note below.) To prove the lemma, therefore, it is only necessary to
show that for a group G which satisfies the conditions of the lemma, the special coset K is
G' itself: in other words, we only have to show that for some ordering of the elements of
G, their product is in G'. First, we dispose of the trivial case when G is a perfect group and
G == G/. In that case, it is immediate that the product of all the elements of G is in G/. For
the rest of the proof, therefore, we can assume that the set G - G' contains at least two
elements. We consider two different cases according as to whether or not the factor group
GIG' (which is abelian) is admissible.
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Case I: GIG' is admissible. In this case, since GIG' is abelian , the product of all its
elements is equal to its identity element. Thus, if the index of G' in G is r, say, we have
n~~I(h;G ') = G' or, equivalently, n~~2h; E G', where e == h., h2, . . . , h, are a set of coset
representatives of G' in G. Suppose that G' = {h; , h2, . .. , h;}. Then each element of
G - G' takes the form hjh;(2 ~ i ~ r) and so the product of all the elements of G - G'
is [n;=2h;]Sg' , where g' is some element of the commutator subgroup G'. Thus the product
of all the elements of G - G' is in G'. Since the product of all the elements of G' is also
in G', we conclude that K == G', as required.
Case II: GIG' is not admissible. In this case, since GIG' is abelian, it must have a unique
element of order 2. (This is a consequence of the fact that the product of all the elements
of a finite abelian group is equal to its identity element unless the group has a unique
element of order 2, a result first proved by Miller [9] and later reproved by many other
authors. See the historical note below.) Let aG' be the unique element of GIG' which is of
order 2. Let b be an element of G which has order 2 in G. Then (bG')2 = G', so bG' has
order 2 in GIG'. It follows that bG' == aG'. Thus, every element of order 2 of G lies in the
same coset aG' of G' in G.
Consider now the set of elements of G - G'. Each element h e G - G' which is not of
order 2 has its inverse h- I also in G - G' . Consequently, the number of elements in G - G'
which are not of order 2 is even. Since the total number of elements in G - G' is even, it
follows by subtraction that the number of elements of order 2 in G which lie in G - G' is
even. Suppose that there are 2m such elements. Each takes the form ah; for some h; E G'.
Their product is cl"'g' , where g' is some element of the commutator subgroup G'. Since
a2 E G', a2mg' is an element of G'. The product of the remaining elements of G - G', when
ordered in such a way that each element is followed by its own inverse in the product, is
equal to the identity element of G. Thus, there exists an ordering of the elements of G - G'
which is such that their product is in G'. We can then deduce that K == G' by the same
argument as in Case I.
THEOREM I. There exists an ordering of the elements of a finit e non-soluble group the
product of which is the identity element of the group .
PROOF. By the Feit-Thompson Theorem [6], the order of a non-soluble group G is even.
Since the derived group G' is also non-soluble, its order is also even, and so the set G - G'
has an even number of elements . Consequently, the result follows from the lemma.
THEOREM 2. The Sylow 2-subgroups of a finite non-soluble group are not cyclic.
This is well known (see, for example, the corollaries to Theorem 2.10 on p. 144 of [14]
for a proof). Alternatively, we may say that, if a finite group has a cyclic Sylow 2-subgroup,
then the product of all its elements does not lie in its commutator subgroup (Hall and Paige
[8] , or Theorem 1.4.7. of [5]). The result then follows by contradiction using Theorem I.
However, the argument used by Hall and Paige to obtain their result again makes use of
the theorem (which has been attributed to Burnside) which is listed as Theorem 2.10 in [14].
Theorems I and 2 together show that the two necessary conditions for a finite group to
be admissible are both satisfied for all non-soluble groups. Since these necessary conditions
are also known to be sufficient for particular kinds of groups (as mentioned in our
introduction), we are led to propose the new conjecture that all non-soluble groups are
admissible.
HISTORICAL NOTE. The observation that the product of all the elements of a finite
abelian group is equal to the identity element unless the group has a unique element of order
two (and that, in the latter case, the product is equal to the element of order two) dates back
at least as far as Miller [9] . Although this fact was first noted by G. Higman in his review
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(Math. Reviews, 9 (1948), p. 408) of a later re-proof of the result by Ramanathan, it was
overlooked by the present authors in their book [5]. However, one of the authors sub-
sequently drew attention to the historical order of priority in [3]. So far as the present
authors are aware, the result was next re-proved in 1947by both Paige [10] and Ramanathan
[12], who obtained it independently of each other. Considerably later, the result was again
re-proved by Carlitz [2].
The question of the existence of groups which are not P-groups was first raised at a
seminar given by L. Fuchs in 1964. Fuchs invited the members of his seminar to find a finite
group which is not a P-group (that is, a finite group such that at least one element of the
coset of the derived group which contains those elements which are the product of all the
elements of the group in some order cannot be so expressed). He was surprised that none
of them was able to provide an example of such a group in the week allotted. Later, in 1966,
at a talk given to the International Congress of Mathematicians in Moscow, Denes
conjectured that every finite group is a P-group (this was the first occasion on which the
term 'P-group' was used). Shortly afterwards, his conjecture was proved correct for soluble
groups by Rhemtulla [13]. In 1970, Golomb [7] made the same conjecture, without
apparently being aware that it was not new, and that Rhemtulla had published a partial
proof of the conjecture in the previous year. The conjecture was finally proved correct for
all finite groups by Denes and Hermann [4] in 1982.
Additional remarks
(1) It can be shown that the statement, "If the product of all the elements of a finite group
in some order is equal to the identity then the group is admissible" is valid not only for
abelian groups but also for all soluble groups. See, for example, page 37 of [5].
(2) Very recently, the authors learnt that Y. Motoda also tried to solve Fuch's problem
concerning P-groups independently of other authors but was only partially successful.
(3) Y. Motoda has also made an attempt to generalize Fuch's problem by posing the
question whether, if K is any set of elements of G which is normal in G and which generates
G, it is true that III(K)\ = IG'I, where II(K) is the set of all elements of G which can be
expressed in the form II k EK k and where G' is the derived group of G. He has shown in a
forthcoming paper that the above equality is not valid for exactly two groups of orders less
than or equal to 60.
(4) Let L be a latin square whose i-th row is defined by rx i when regarded as a permutation
of its first row, so that L = (rxl rx2 ... rxnf. The present authors have shown recently that,
if L is the Cayley table of a non-soluble group, then at least one square-root square
JI = (Ji; ji; ... Fr.) always exists. This has led them to make the new conjecture
(which embraces that of the present paper) that, in the case of a non-soluble group, at least
one of the square-root squares is a latin square.
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